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Abstract
The pseudo-conformal universe is an alternative to inflation in which the early uni-
verse is described by a conformal field theory on approximately flat space-time. The
fields develop time-dependent expectation values, spontaneously breaking the conformal
symmetries to a de Sitter subalgebra, and fields of conformal weight zero acquire a scale
invariant spectrum of perturbations. In this paper, we show that the pseudo-conformal
scenario can be naturally realized within theories that would ordinarily be of interest
for DBI inflation, such as the world-volume theory of a probe brane in an AdS bulk
space-time. In this approach, the weight zero spectator field can be associated with
a geometric flat direction in the bulk, and its scale invariance is protected by a shift
symmetry.
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1 Introduction
While the observational evidence for primordial adiabatic density perturbations with nearly
scale invariant and gaussian statistics is consistent with the predictions of the simplest models
of inflation [1–4], it is good scientific practice to seek alternative explanations for the data.
Over the years, this has motivated cosmologists to propose alternatives such as, for example,
pre-big bang cosmology [5–7], string gas cosmology [8–13], the ekpyrotic scenario [14–43], and
superluminal scenarios [44–51].
Assuming a single scalar degree of freedom coupled minimally to Einstein gravity, the
combined requirements of a spectrum of curvature perturbations that is scale invariant and
gaussian over many decades of modes, a dynamical attractor background, and subluminal
propagation leads one to inflation [52–55]. Therefore, alternative mechanisms which generate
perturbations while remaining weakly-coupled must either rely on an instability, as in the
1
contracting matter-dominated scenario [56, 57], rely on superluminality, as in tachyacoustic
cosmology [50], and/or must involve additional degrees of freedom, as in the New Ekpyrotic
scenario [31–33].
The pseudo-conformal universe [58, 59] is a general framework for describing early uni-
verse scenarios that rely on the spontaneous symmetry breaking of the conformal algebra
down to its de Sitter subalgebra
so(4, 2) −→ so(4, 1) (1)
to generate scale invariant perturbations.1 These include the quartic U(1)-invariant model [60–
66] and Galilean Genesis scenarios [67–73]. In its most general form, the scenario postulates
that the early universe is described by a conformal field theory containing conformal scalar
fields (which may or may not be fundamental)
φI , I = 1 . . . N , (2)
each with its own conformal weight ∆I . The theory must be chosen so that the fields φI
develop time-dependent expectation values
φ¯I =
αI
(−t)∆I , (3)
which spontaneously break so(4, 2) conformal symmetry down to an so(4, 1) de Sitter sub-
algebra.2 The spontaneous symmetry breaking pattern (1) is the characteristic signature
of a pseudo-conformal scenario. The residual de Sitter symmetry drives spectator fields of
conformal weight zero to acquire scale-invariant perturbations, exactly as if they lived on an
inflating background.3 Insofar as scale invariance is achieved in entropy perturbations which
must later be made adiabatic, the pseudo-conformal mechanism is analogous to the curvaton
mechanism [75, 76] or the New Ekpyrotic scenario [35]. (See [71] for a recent discussion
of entropy to adiabatic conversion in the pseudo-conformal and Galilean Genesis scenarios.)
1This is in contrast to the inflationary universe, which relies on the symmetry breaking pattern so(4, 1)→
so(3)× R3 × shift, to generate scale-invariant perturbations.
2Pseudo-conformal symmetry breaking requires at least one φ¯I with non-trivial time dependence, i.e., for
which ∆I 6= 0 and αI 6= 0.
3Unitarity bounds [74] forbid weight-0 perturbations, but assume a stable conformally invariant vacuum.
We do not require such a vacuum, we only need the symmetry-breaking background (7). The conformal
vacuum φ¯I = 0 can be unstable or not exist. In Rubakov’s quartic scenario [61], for instance, the weight-0
mode is the angular component of a complex scalar field, which is of course ill-defined around the unstable
trivial background.
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The standard pseudo-conformal scenario with linear realization of the conformal algebra is
reviewed in Sec. 2.
In this paper, we achieve the characteristic so(4, 2) → so(4, 1) pseudo-conformal sym-
metry breaking starting from a non-linear realization of the conformal algebra. The simplest
example is the Dirac–Born–Infeld (DBI) action, obtained from the world-volume of a flat
brane probing an AdS5 bulk, with an additional tadpole term governed by a dimensionless
parameter λ,
SDBI =
∫
d4xφ4
(
1 +
λ
4
−
√
1 +
(∂φ)2
φ4
)
. (4)
Geometrically, the field φ represents the transverse displacement of the brane into the radial
direction of the bulk AdS. This action inherits the bulk isometries, which act non-linearly as
the conformal algebra in the world-volume theory with the field φ transforming as a weight
one field. We will see in Sec. 3 that when λ > 0 this action admits a scaling solution φ ∼ 1/t,
which breaks the symmetry in the desired way (1), giving a non-linear version of the rolling
scalar scenario studied in [58]. We show that perturbations around this solution have a sound
speed strictly less than one, in contrast with the linear scenario where the sound speed is
always equal to one.
One motivation to study this DBI incarnation of the pseudo-conformal universe is that
the DBI action and its multi-field generalizations have been used to great effect for inflationary
model building [77–85]. In particular, the search for realistic inflationary models within string
theory has often focused on brane inflation scenarios where the inflaton is interpreted as the
modulus of a 3-brane probing some AdS-like region of a warped geometry [86]. The DBI
action (4) and its extensions describe the world-volume dynamics of this process. If a new
substitute for inflation, such as the pseudo-conformal mechanism, can be realized naturally in
these setups, it will provide another route by which these scenarios could make contact with
the real world.
Another motivation is to realize novel DBI extensions of the Galilean Genesis sce-
nario [67] with strictly subluminal sound speed. To do so requires including higher-derivative
terms to the lowest-order DBI action (4). Those that give second order equations of motion
are the conformal DBI galileon terms [87–93], which themselves have proven useful for infla-
tionary model building [94, 95]. We focus here on the cubic conformal DBI galileon term,
whose “non-relativistic” cubic galileon counterpart is the basis of the Galilean Genesis sce-
nario [67].4 One of the drawbacks of the original Galilean Genesis scenario is superluminality
4The ordinary cubic conformal galileon has been of interest recently in connection to the a-theorem — the
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— linear perturbations propagate exactly at the speed of light around the 1/t solution, and
perturbations can tip the sound speed over the edge. In Sec. 4 we show that Galilean Genesis
can be realized with the DBI conformal galileons, that it shares many of the same features
as the non-DBI version, but it has the bonus that perturbations are strictly subluminal. (Al-
ternatively, subluminal Genesis can be realized by explicitly breaking part of the conformal
symmetries [73].)
To generate scale invariant entropy perturbations, we need a weight-0 field. One natural
way this can come about is if the bulk space has additional isometry directions besides the
AdS, as is often the case in brane inflation scenarios. As a simplest example, we study in
Sec. 5 an AdS5 × S1, bulk. In this model, the field parameterizing the displacement of the
brane into the S1 is an angular weight-0 field which is protected by a shift invariance inherited
from the isometry of the circle, and it acquires a scale invariant spectrum of perturbations.
We then study in Sec. 6 the general scenario, using the non-linear DBI symmetries and
the breaking pattern to derive the general form of the quadratic fluctuations, showing that
the important features of the mechanism — such as speed of fluctuations and spectrum of
perturbations — are insensitive to the specific realization and depend only on the symmetries.
Finally, we discuss the coupling to Einstein gravity in Sec. 7 and verify that cosmological evo-
lution is negligible at early times during pseudo-conformal symmetry breaking. We conclude
with a brief discussion of future avenues to pursue in Sec. 8. In Appendix A, we comment on
the relation between the Galilean Genesis scenario and the nonlinear starting point which is
the subject of this work.
2 Review of the Linear Pseudo-Conformal Scenario
We start by reviewing the general pseudo-conformal scenario as discussed in [58]. We refer to
this as the linear pseudo-conformal scenario (since the conformal symmetry is realized linearly
on the full fields) to distinguish from the DBI pseudo-conformal scenario we discuss in this
paper (where the conformal symmetry is realized non-linearly on the full fields).
In a pseudo-conformal scenario, the early universe is dominated by a conformal field
theory containing elementary or composite conformal scalars φI , indexed by I = 1, . . . , N ,
coefficient of the cubic conformal galileon term in the effective action for the dilaton encodes the difference in
the a-anomaly between UV and IR ends of an RG flow in 4D [96, 97]. (The cubic conformal galileon is the
only conformal galileon in four dimensions which is a Wess–Zumino term [92].)
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with conformal weights ∆I . There are fifteen symmetries which act on φI as
δPµφI = −∂µφI , δJµνφI = (xµ∂ν − xν∂µ)φI ,
δDφI = −(∆I + xµ∂µ)φI , δKµφI =
(−2∆Ixµ − 2xµxν∂ν + x2∂µ)φI . (5)
Here Pµ and Jµν generate the usual space-time translations and rotations. The D generates
dilatations, and the Kµ generate the special conformal transformations (SCTs). These satisfy
the commutation relations of the conformal algebra so(4, 2) of Minkowski space (with metric
ηµν = diag(−1, 1, 1, 1)),[
δPµ , δJαβ
]
= ηµβδPα − ηµαδPβ ,
[
δJαβ , δJγδ
]
= ηαγδJβδ − ηαδδJβγ + ηβδδJαγ − ηβγδJαδ ,[
δPµ , δD
]
= δPµ ,
[
δJαβ , δKµ
]
= ηαµδKβ − ηβµδKα ,[
δPµ , δKν
]
= 2ηµνδD + 2δJµν ,
[
δD, δKµ
]
= δKµ , (6)
with all other commutators being zero.
The Lagrangian must be such that the fields φI acquire a time-dependent background
value
φ¯I(t) =
αI
(−t)∆I , −∞ < t < 0 , (7)
where the αI ’s are constant coefficients. To generate the desired symmetry breaking pattern,
at least one field with weight ∆I 6= 0 must have non-vanishing αI . In this case, 10 of the 15
conformal generators (5) annihilate the background: δPi , δD, δJij , δKi , i = 1, 2, 3. These 10
generators span an so(4, 1) sub-algebra, so this background realizes the symmetry breaking
pattern (1).
Expanding in fluctuations around the background (7), ϕI = φI − φ¯I , the unbroken
generators act linearly on the perturbations ϕI ,
δPiϕI = −∂iϕI , δJijϕI =
(
xi∂j − xj∂i)ϕI ,
δDϕI = − (∆I + xµ∂µ)ϕI , δKiϕI =
(−2xi∆I − 2xixν∂ν + x2∂i)ϕI . (8)
The broken generators act non-linearly, with a leading constant term (when the conformal
weight is non-zero and the background is non-vanishing) plus a linear term,
δP0ϕI =
∆I
t
φ¯I − ϕ˙I , δJ0iϕI = −∆Ix
i
t
φ¯I +
(
t∂i + x
i∂t
)
ϕI ,
δK0ϕI = −
∆Ix
2
t
φ¯I +
(
2t∆I + 2tx
ν∂ν + x
2∂t
)
ϕI . (9)
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As shown in [58], the symmetries alone determine much of the form of the quadratic
action for the fluctuations, independent of the original Lagrangian. Invariance under the un-
broken so(4, 1) subalgebra imposes that fields of different weights do not mix at the quadratic
level, and that perturbations at high energies (i.e., when their mass term can be ignored)
propagate exactly at the speed of light. In the DBI case, however, we will instead find that
perturbations travel strictly subluminally. Imposing the non-linearly realized symmetries, the
quadratic action for a given ∆ is restricted to take the form
S∆,quad ∼ −1
2
∫
d4x
(
(−t)2(∆−1)ηµν∂µϕI∂νϕI +M IJ(−t)2(∆−2)ϕIϕJ
)
. (10)
If ∆ 6= 0, the mass matrix must satisfy the eigenvalue equation
M IJαJ = (∆ + 1)(∆− 4) αI , (11)
whereas if ∆ = 0 it is unconstrained.
For example, if the theory has precisely one field φ of weight ∆ 6= 0, and this field has
a non-vanishing background profile φ¯(t) ∼ 1/(−t)∆, then (11) determines its mass coefficient
to be M = (∆ + 1)(∆− 4). The quadratic action for the fluctuations of this field is thus fully
determined (up to the overall normalization) by the symmetries to be
S∆ 6=0quad ∼ −
1
2
∫
d4x
(
(−t)2(∆−1)ηµν∂µϕ∂νϕ+ (−t)2(∆−2)(∆ + 1)(∆− 4)ϕ2
)
. (12)
From this quadratic action we can determine the power spectrum. Transforming to the canon-
ically normalized variable v ≡ (−t)∆−1ϕ, the mode function equation becomes universal,
independent of the conformal weight ∆ 6= 0,
v¨k +
(
k2 − 6
t2
)
vk = 0, (∆ 6= 0) . (13)
The solution — assuming the standard adiabatic vacuum initial condition — is given by a
Hankel function, vk ∼
√−tH(1)5/2(−kt). Outside the horizon, k|t|  1, this gives the power
spectrum |vk|2 ∼ 1k5t4 , or, in terms of the original field,
Pϕ(k) ∼ 1
k5t2(∆+1)
, (14)
which is a strongly red-tilted spectrum. The scale invariant power spectrum required by obser-
vations does not come from this field but instead comes from an entropy field of approximate
weight zero, as reviewed below. Nevertheless, a strongly red-tilted component is at first sight
worrisome, since it would seem to dominate any scale invariant contribution on sufficiently
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large scales. There are many ways to see that this component is in fact harmless. In co-moving
gauge, where ϕ = 0, the curvature perturbation acquires a strongly blue spectrum from the
adiabatic mode, ζk ∼ 1/k3/2, which is negligible on large scales [58]. In Newtonian gauge, the
red-tilted spectrum (14) is an adiabatic perturbation which becomes a decaying mode in the
standard, expanding FRW phase [67].
The quadratic action also allows us to conclude that the background solution φ¯ ∼
1/(−t)∆ is a dynamical attractor. Classically, the growing mode solution is
ϕ→ 1
(−t)∆+1 , (15)
which can be re-summed into a harmless constant time-shift of the background solution:
φ¯(t+ ε) = φ¯(t) + ε ˙¯φ(t) ∼ 1
(−t)∆
(
1− ∆ε
t
)
. (16)
Hence the perturbed field φ = φ¯ + ϕ tends to the background solution, up to an irrelevant
constant shift in time.5
The scale invariant spectrum which seeds structure formation in the late universe origi-
nates from perturbations of zero weight. For weight-0 perturbations, the quadratic action (10)
reduces to
S∆=0quad ∼ −
1
2
∫
d4x
(
t−2ηµν∂µϑI∂νϑI +M IJt−4ϑIϑJ
)
. (17)
The mass matrix M IJ is unconstrained, so the weight-0 fields generically have mass mixing.
In the case of a single weight 0 field with a shift symmetry, this reduces to
S
(∆=0)
quad ∼ −
1
2
∫
d4x t−2ηµν∂µϑ∂νϑ , (18)
which is exactly the action of a massless scalar on de Sitter space. Re-defining u ≡ (−t)ϑ the
mode function equation is given by
u¨k +
(
k2 − 2
t2
)
uk = 0 , (19)
with solution uk ∼ e−ikt√2k
(
1− i
kt
)
. The late time spectrum for ϑ is scale invariant,
Pϑ(k) ∼ 1
2k3
. (20)
5Note that this argument breaks down for many rolling fields — an overall time shift may be used to remove
the growing mode of a single field, but the others will generically diverge from the background solution at late
times. In the special case where there is an so(N) symmetry amongst the rolling fields, we may perform a
rotation in field space so that there is a single adiabatic direction whose growing mode may be absorbed.
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This scale invariant entropy spectrum can subsequently be transferred to the adiabatic mode
through well-known conversion mechanisms [75, 98, 99]. See [71] for a discussion of conversion
in the pseudo-conformal and Galilean Genesis scenarios.
One of the simplest actions that can realize pseudo-conformal symmetry breaking is that
of a massless scalar field with a quartic potential [60, 61],
Sφ =
∫
d4x
(
−1
2
(∂φ)2 +
λ
4
φ4
)
. (21)
Classically, this is a conformal theory where φ has ∆ = 1. For a spatially homogeneous field
profile, the equation of motion is
φ¨ = λφ3 . (22)
Looking for a solution of the desired form φ = α/(−t), one finds that it only exists when λ > 0,
which in our convention corresponds to an upside-down quartic potential. The solution for α
is then
α =
√
2
λ
. (23)
This is a zero energy solution, where the field starts from rest at the top of the potential in the
asymptotic past, then rolls down. This solution is also a dynamical attractor [58, 60, 61, 67].
Coupling this sector minimally to gravity, one finds that the equation of state for φ is always
larger than unity during the phase of interest, w  1, corresponding to a slowly contracting
universe. This makes the universe increasingly flat, homogeneous and isotropic [24, 58], and
hence addresses the standard horizon and flatness problems which inflation was designed to
solve. To generate scale-invariant perturbations, we must couple in a spectator field ϑ of
conformal weight-0 to the rolling field φ. This can be achieved, for instance, by promoting φ
to a complex scalar field, with its radial part acquiring the 1/t background and its angular
playing the role of weight-0 perturbations [61]. Another incarnation of the scenario is Galilean
Genesis [67], where the scalar field action is that of the conformal galileon, which also admits
a 1/t solution.
We now turn the the main subject of this paper, extending the pseudo-conformal scenario
to DBI-like non-linear realizations of the conformal algebra.
3 DBI Pseudo-Conformal Scenario
A ‘relativistic’ extension of the pseudo-conformal mechanism can be obtained by considering
the conformal DBI action (4). This action arises from the dynamics of a brane probing a bulk
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space-time. The details of the construction can be found in [89], which we summarize here.
Consider an ambient higher-dimensional space-time with coordinates XA and metric GAB(X).
We consider a dynamical 3-brane, with worldvolume coordinates xµ, probing this geometry.
The dynamical variables are the brane embedding functions XA(x), from which we construct
the induced metric ginducedµν (x) by pulling back the bulk metric
ginducedµν (x) =
∂XA
∂xµ
∂XB
∂xν
GAB(X(x)) . (24)
The induced metric transforms as a tensor under reparametrizations of the brane δgX
A =
ξµ∂µX
A. In addition to the gauge symmetry of reparametrization invariance, there can be
global symmetries. Specifically, for every Killing vector KA(X) of the bulk metric there is a
global symmetry under which the embedding scalars XA shift, δKX
A = KA(X). The induced
metric (24) is invariant under these global symmetries.
We choose to completely fix the reparameterization freedom by fixing the unitary gauge
Xµ(x) = xµ, XI(x) ≡ piI(x) , (25)
where the subscript I labels the co-dimensions of the brane. The world-volume coordinates
of the brane are identified with the first four of the bulk coordinates. The remaining unfixed
fields, piI(x), represent the transverse position of the brane in the higher-dimensional space.
The form of the global symmetries is different once the gauge is fixed, because the gauge
choice (25) is not in general preserved by these global symmetries. The change induced by KA
is δKx
µ = Kµ(x, pi), δKpi
I = KI(x, pi). To maintain the gauge (25), we must simultaneously
perform a compensating gauge transformation with the gauge parameter ξµcomp = −Kµ(x, pi).
The combined symmetry acting on the fields piI is now
(δK + δcomp)pi
I = −Kµ(x, pi)∂µpiI +KI(x, pi) , (26)
and will be a global symmetry of the gauge fixed action.
We are interested in the case where the bulk space-time is AdS5 with radius R, in the
Poincare´ patch ,
ds2AdS = GABdX
AdXB = R2
[
1
z2
dz2 + z2ηµνdx
µdxν
]
, (27)
where 0 < z <∞ is the radial AdS direction. In addition to the manifest Poincare´ symmetries
of the xµ coordinates, AdS5 has five additional Killing vectors
Kµ = 2xµz∂z +
(
1
z2
+ x2
)
∂µ − 2xµxν∂ν ,
D = −z∂z + xµ∂µ . (28)
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There will be one transverse piI field corresponding to the radial direction z, and we will call
this field φ. According to (26), these generate the following global symmetries on φ in the
gauge-fixed action,
δDφ = − (∆φ + xν∂ν)φ ,
δKµφ = −2xµ (∆φ + xν∂ν)φ+ x2∂µφ+
1
φ2
∂µφ , (29)
where ∆φ = 1. In addition, the manifest Poincare´ symmetries of the x
µ coordinates generate
the standard Poincare´ transformations on φ. Together, the 5 symmetries (29) and the 10
Poincare´ symmetries satisfy the algebra (6) and provide a non-linear realization of so(4, 2).
Compared to the transformations (5) in the standard case, there is an extra term φ−2∂µφ in
the expression for δKµφ; in the DBI action, the special conformal transformations are thus
realized non-linearly.
To construct the leading order action for the brane, we combine a tadpole potential term
with a kinetic term arising from the induced volume form on the brane. The induced metric
on the brane (24) is, in the gauge (25),
ginducedµν (x) = R2φ2
(
ηµν +
∂µφ
φ2
∂νφ
φ2
)
, (30)
hence the world-volume action arising from the determinant is
S2 ≡ R−4
∫
d4x
√
−ginduced =
∫
d4x
φ4
γ
, (31)
where we have introduced the Lorentz factor
γ ≡ 1√
1 + (∂φ)2/φ4
, (32)
and where indices are contracted with ηµν . Meanwhile, the tadpole action
S1 ≡
∫
d4xφ4 (33)
is the unique local action which does not depend on derivatives and is invariant under all 15
of our symmetries. Geometrically, it is the proper 5-volume between the brane and some fixed
reference brane [89].
Combining the tadpole (33) and induced volume form (30), with a relative coefficient
governed by λ, we arrive at the DBI action.
SDBI =
(
1 +
λ
4
)
S1 − S2 =
∫
d4xφ4
(
1 +
λ
4
− γ−1
)
. (34)
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For convenience we have chosen the constant so that a Poincare´ invariant solution φ = constant
exists only when λ = 0, and have normalized the action so that expanding around this solution
we have a canonical, healthy scalar kinetic term. Note that in the limit of small field gradients,
|(∂φ)2|  φ4, this action reduces to the negative quartic model (21).
A field configuration φ = f , where f is a constant, is preserved only by the Poincare´
subalgebra spanned by δPµ , δJµν . Expanding in fluctuations about such a configuration,
φ = f + ϕ, the action of the symmetry generators on ϕ is
δPµϕ = −∂µϕ , δKµϕ = −2xµ∆φf − 2xµ (∆φ + xσ∂σ)ϕ+ x2∂µϕ+
1
(f + ϕ)2
∂µϕ,
δJµνϕ = xµ∂νϕ− xν∂µϕ , δDϕ = −∆φf − (∆φ + xµ∂µ)ϕ , (35)
A symmetry is broken if and only if the transformation acting on the fluctuation has a constant
part. The only transformations without a constant part are the Poincare´ transformations
δPµ , δJµν , so we confirm that the symmetry breaking pattern is so(4, 2) → Poincare´ in this
case. The difference here is that the special conformal transformations are now non-linear,
since there are quadratic and higher order pieces coming from expanding out 1
(f+ϕ)2
in powers
of the fluctuation. In Sec. 2, the transformations were all at most linear in the fluctuations.
Looking for purely time-dependent solutions, φ = φ¯(t), the equation of motion derived
from (34) reduces to
d
dt
(
γ¯ ˙¯φ
)
= φ¯3
(
4 + λ− 2γ¯−1 − 2γ¯) , (36)
where γ¯ = 1/
√
1− ˙¯φ2/φ¯4 ≥ 1. We look for solutions of the form
φ¯(t) =
α
(−t) , −∞ < t < 0 , (37)
where α can be assumed positive without loss of generality since the theory is Z2 symmetric.
On the background (37), the relativistic factor γ is a constant,
γ¯(α) =
1√
1− 1/α2 > 1 , (38)
and the equation of motion (36) becomes
γ¯(α) = 1 +
λ
4
. (39)
In the “non-relativistic” limit, α  1, we recover the relation (23) between α and λ. More
generally, since γ ≥ 1 the existence of a non-trivial solution requires
λ > 0 . (40)
11
The solution (37) is annihilated by the 10 generators δD, δPi , δKi , and δJij , but not by
the 5 generators δP0 , δK0 , or δJ0i , which act as
δP0φ¯ =
φ¯
t
; δJ0iφ¯ =
xiφ¯
t
; δK0φ¯ = −
(
x2 +
1
φ¯2
)
φ¯
t
. (41)
Our background therefore spontaneously breaks the so(4, 2) symmetry of the DBI action down
to an so(4, 1) subalgebra, realizing pseudo-conformal symmetry breaking in the same manner
as the background (23).
3.1 Quadratic action for fluctuations
For perturbations ϕ ≡ φ− φ¯ about the background scaling solution (37), the unbroken so(4, 1)
subalgebra action starts at linear order in ϕ,
δPiϕ = −∂iϕ δJijϕ =
(
xi∂j − xj∂i
)
ϕ
δDϕ = − (1 + xµ∂µ)ϕ δKiϕ = −2xiϕ− 2xixλ∂λϕ+
(
x2 +
1
φ¯2
)
∂iϕ+O(ϕ2) , (42)
while the broken generators start at zeroth order in ϕ,
δP0ϕ =
φ¯
t
+O(ϕ) , δJ0iϕ = xi
φ¯
t
+O(ϕ) , δK0ϕ = −
(
x2 +
1
φ¯2
)
φ¯
t
+O(ϕ) . (43)
The difference with the transformations here and those of (8) and (9) in Sec. 2 is that the trans-
formations now contain higher order pieces from expanding the denominators, even though the
symmetry breaking pattern is the same. In addition, the transformations at linear order for
the unbroken generators, and at zeroth order for the broken generators, are different because
of the 1/φ¯2 terms.
These differences in the transformation rules result in perturbations having a strictly
subluminal sound speed. Expanding (34) around the background solution (37), the quadratic
action for the fluctuations ϕ is
S =
1
2
γ¯3
∫
d4x
(
ϕ˙2 − 1
γ¯2
(∂iϕ)
2 +
6
t2
ϕ2
)
. (44)
As advocated, the sound speed of the fluctuations is strictly less then one
cs =
1
γ¯
< 1 . (45)
More generally, we will see in Sec. 6 that the quadratic action (44), and in particular the
sound speed, is completely fixed by the symmetries (except for the overall normalization).
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Using this quadratic action, we can compute the power spectrum of ϕ. In terms of
the sound horizon time y ≡ t/γ¯ and the canonically normalized variable v ≡ γ¯ϕ, the mode
function equation takes the same form as in the luminal case (13):
v′′k +
(
k2 − 6
y2
)
vk = 0 , (46)
where ′ ≡ ∂/∂y. As before, the power spectrum is strongly tilted to the red:
Pϕ(k) =
9
2
γ¯2
k5(−t)4 . (47)
The scale invariant contribution must once again arise from weight-0 entropy perturbations.
In Sec. 5 we will show how these can naturally arise as embedding coordinates for a brane
moving in additional co-dimensions.
By examining the behavior of the perturbations, we can see that the background (37) is
again a dynamical attractor. In the limit k → 0, where spatial gradients can be neglected, the
quadratic action (44) agrees with (12) with ∆ = 1. Thus the time-dependence of the growing
mode is identical, and the time-shift argument (16) carries over to the DBI case.
4 Another Example: DBI Galilean Genesis
The original Galilean Genesis scenario [67] relies on the conformal galileon terms, which con-
sist of conformally-invariant derivative interaction terms, to generate a 1/t background. The
stress energy tensor of the conformal galileon can violate the null energy condition without
ghost instabilities or other pathologies [101], and thus can drive an expanding phase from an
asymptotically static past — the Galilean Genesis solution. One drawback of the scenario,
however, is that although perturbations propagate exactly at the speed of light on this back-
ground — as dictated by the general symmetry analysis reviewed in Sec. 2 — perturbations
can propagate superluminally on slightly different backgrounds, which lie within the purview
of the effective theory.
In this Section we consider the DBI generalization of the Galilean Genesis scenario [67].
Aside from offering another example of our symmetry-breaking pattern, it also presents a
cure to the superluminality problem — perturbations must propagate subluminally on the 1/t
background — while retaining the same number of symmetries. Alternatively, the sound speed
can be made subluminal through explicit breaking of special conformal transformations [73].
The action of the conformal DBI galileon has five independent conformally-invariant
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terms [87, 89]. For simplicity, we focus on the first three terms:
S =
∫
d4x
(
c1L1 + c2L2 + c3L3
)
, (48)
where the three conformal DBI galileon Lagrangians are given by
L1 = φ4 ;
L2 = φ
4
γ
;
L3 = γ2∂µφ ∂νφ ∂
µ∂νφ
φ3
+ φ4
(
1
γ2
+ 5− 2γ2
)
. (49)
The L1 and L2 contributions have been discussed already and correspond respectively to a
tadpole (33) and the invariant volume of the induced metric (30). The term L3 comes from
considering the extrinsic curvature on the brane [87, 89]. As a special case of the above action,
the DBI action discussed earlier in (4) is recovered by setting
c1 = 1 +
λ
4
; c2 = −1 ; c3 = 0 (DBI Pseudo− Conformal) . (50)
Another case of interest is the DBI extension of the Galilean Genesis scenario. To parallel the
original Galilean Genesis [67], which only relied on derivative interactions for the scalar, we
impose that the tadpole around a φ = constant configuration vanishes. This requires:
c1 + c2 + 4c3 = 0 (DBI Galilean Genesis) . (51)
For a time-dependent background, φ = φ¯(t), the equation of motion is
4c1 − c2γ¯3
(
−
¨¯φ
φ¯3
+ 6
˙¯φ2
φ¯4
− 4
)
+ c3γ¯
4
(
6
¨¯φ
φ¯3
+ 4
˙¯φ4
φ¯8
− 32
˙¯φ2
φ¯4
+ 16
)
= 0 . (52)
Focusing on the desired scaling ansatz, φ = α/(−t), this reduces to
0 = c1 + c2γ¯(α) + c3
(
1 + 3γ¯2(α)
)
, (53)
where γ¯(α) is again given by (38). This fixes α in terms of the coefficients c1, c2 and c3. As
it should, this equation reproduces (39) for the DBI pseudo-conformal parameters (50). More
generally, if all three coefficients are non-zero then there are potentially two solutions:
γ¯±(α) =
−c2 ±
√
c22 − 12c3 (c1 + c3)
6c3
. (54)
Clearly, for either potential solution to be real we must require c22 ≥ 12c3 (c1 + c3). Moreover,
we need either γ− > 1 or γ+ > 1 to have a physically allowed solution.
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In the limit c3 → 0, only one of these solutions matches continuously onto the pure
DBI solution found in Sec. 3, while the other is a new branch which is not analytic in c3.
Specifically, if c2 < 0, then we have γ+ ' −c2/3c3, γ− ' −c1/c2 for small c3, hence it is
the “−” branch which matches smoothly with the pure DBI theory in this case; if c2 > 0,
we instead have γ+ ' −c1/c2, γ− ' −c2/3c3, and now it is the “+” branch which matches
continuously to the DBI solution.
4.1 Quadratic action for fluctuations
Next we consider the stability of this solution. Expanding φ about the background as φ =
φ¯+ ϕ, the quadratic action for the fluctuations is
Squad = ∓1
2
γ¯3±(α)
√
c22 − 12c3 (c1 + c3)
∫
d4x
(
ϕ˙2 − 1
γ¯2±(α)
(∂iϕ)
2 + 6
φ2
t2
)
. (55)
The square root factor out front is always positive, due to the requirement that a solution
exists, i.e. that γ¯± is real. Moreover, since γ¯± > 1 for physically allowed solutions, we see from
the overall ∓ sign multiplying the quadratic action that fluctuations around the γ¯− branch
are necessarily stable, while perturbations around the γ¯+ branch are necessarily unstable. In
what follows it will helpful to also consider the stability round a trivial φ¯ = constant solution.
The kinetic term around such a background is
Lkinetic ∼ 1
2
(6c3 + c2)
∫
d4x (∂ϕ)2 . (56)
Let us first specialize to a small deformation of the pure DBI case studied in Sec. 3.
Namely, we set c1 = T (1 + λ/4), c2 = −T , where we have allowed for an overall coefficient T ,
and consider the limit of small c3. When T > 0, corresponding to a positive-tension brane,
the trivial background φ¯ = constant is stable, while fluctuations around the time-dependent
solution are only stable around the γ¯− branch which matches smoothly to the DBI theory;
fluctuations are unstable around the non-analytic γ¯+ branch. When T < 0, on the other hand,
the trivial background is unstable, and so is the γ¯+ branch which matches smoothly to the
pure DBI theory; instead it is new branch that is stable in this case.
Let us now focus on the DBI Galilean Genesis case (51), corresponding to c1+c2+4c3 = 0.
There is at most only one scaling solution in this case, with
γ¯Genesis = − c2
3c3
− 1 . (57)
If 6c3 + c2 < 0, for which the φ¯ = constant solution is stable, the DBI Genesis solution only
exists (i.e., γ > 1) if c2 < 0, and it corresponds to the γ¯+ branch — fluctuations around the
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time-dependent background are therefore unstable in this case. If 6c3 + c2 > 0, for which the
trivial solution is unstable, the DBI Genesis solution only exists for c2 > 0, and it corresponds
to the γ¯− branch — fluctuations around the time-dependent background are stable in this
case. Thus the Genesis and trivial backgrounds always have opposite stability, just as in the
original Genesis scenario [67]. (This need not be the case if we include all 5 DBI conformal
galileon terms. We leave a study of this general case to future work [100].)
5 Weight Zero Fields and Scale Invariance: An Exam-
ple from AdS5×S1 Brane Embedding
The DBI pseudo-conformal framework has the advantageous property that weight-0 fields,
necessary for generating scale invariant perturbations, have a natural geometric interpretation
in terms of the brane moving in additional co-dimensions. As in Sec. 3, we consider a 3-brane
probing a higher-dimensional geometry. However, we now take the higher-dimensional space
to be a product M = AdS5 × Y , where Y is a compact manifold of arbitrary dimension,
n. We choose coordinates so that the first 5 coordinates Xa parameterize the anti-de Sitter
space and the other n coordinates yI parameterize the internal manifold. The line element
associated with the bulk metric then takes the form
GABdX
AdXB = gAdsab dX
adXb + hIJdy
IdyJ , (58)
where hIJ(y) is the metric on the compact space Y . We fix diffeomorphism invariance by
choosing the gauge
Xµ(x) = xµ , X5(x) ≡ φ(x) , yI(x) ≡ ΦI(x) . (59)
As before, we construct diffeomorphism scalars from the induced metric and its curvature
invariants. In addition to the global symmetries of the action inherited from the AdS5 the
action will have global symmetries inherited from the Killing vectors of the internal manifold.
In the case that these global symmetries appear like shift symmetries of the fields, we can
expect the fields to acquire a scale-invariant spectrum of perturbations.
Let us illustrate the idea with the simplest case where the compact space is a circle.
Thus we consider a dynamical 3-brane probing a bulk space-timeM = AdS5×S1, consisting
of AdS5 in the Poincare´ patch with radius R, times a circle of radius `,
ds2 = GABdX
AdXB = R2
[
1
z2
dz2 + z2ηµνdx
µdxν
]
+ `2dΘ2 , (60)
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where the A,B indices now run from 0 to 5, and 0 < Θ < 2pi is an angular coordinate for the
S1. Fixing unitary gauge, as we did in (25), there are now two fields φ and θ, which represent
the transverse position of the brane in the radial AdS direction and in the S1, respectively:
Xµ(x) = xµ , X5(x) ≡ φ(x) , X6 ≡ θ(x) . (61)
According to (26), we have the following AdS global symmetries on φ and θ in the gauge
fixed action
δDφ = − (∆φ + xν∂ν)φ ; δKµφ = −2xµ (∆φ + xν∂ν)φ+ x2∂µφ+
1
φ2
∂µφ ;
δDθ = − (∆θ + xν∂ν) θ ; δKµθ = −2xµ (∆θ + xν∂ν) θ + x2∂µθ +
1
φ2
∂µθ , (62)
where ∆φ = 1 and ∆θ = 0. The manifest Poincare´ symmetries of the x
µ coordinates then
generate the standard Poincare´ transformations on φ and θ. In addition to the Poincare´ gener-
ators and the AdS5 Killing vectors (28), there is also the Killing vector generating translations
along the S1,
C = ∂Θ . (63)
The action of the S1 generator on φ is trivial, δCφ = 0, while its action on θ,
δCθ = 1 , (64)
corresponds to a shift symmetry. This is exactly the extra symmetry we will need to protect
the scale invariance of θ perturbations. The 15 AdS5 generators satisfy the algebra (6), while
the S1 generator δC commutes with itself and all of the AdS5 generators.
To construct the leading order action for the brane, once again we combine a tadpole
potential term with a kinetic term arising from the induced volume form on the brane. The
induced metric on the brane is once again given by (24). In the unitary gauge (61), it takes
the form
ginducedµν (x) = R2φ2
(
ηµν +
∂µφ
φ2
∂νφ
φ2
+
`2
R2
∂µθ
φ
∂νθ
φ
)
, (65)
hence the volume form arising from the determinant is given by
R−4√−g¯ = φ4
√
1 +
(∂φ)2
φ4
+
`2
R2
(∂θ)2
φ2
+
`2
R2
(∂φ)2(∂θ)2 − (∂φ · ∂θ)2
φ6
. (66)
Meanwhile, the tadpole action (33) is the unique local action which does not depend on
derivatives and is invariant under all 16 symmetries of the AdS5 × S1 construction. (In
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particular, invariance under the shift symmetry θ → θ + c implies that the tadpole does not
depend on ϑ.) Thus we consider the following action:
Sφθ =
∫
d4xφ4
(
1 +
λ
4
−
√
1 +
(∂φ)2
φ4
+
(∂θ)2
φ2
+
(∂φ)2(∂θ)2 − (∂φ · ∂θ)2
φ6
)
, (67)
where we have canonically normalized θ so that it now ranges over (0, 2pi`R ).
5.1 Pseudo-conformal background
To realize pseudoconformal symmetry breaking with this action, we must show that the equa-
tions of motion admit a solution for which
φ¯ =
α
(−t)∆φ =
α
(−t) ; θ¯ =
θ0
(−t)∆θ = θ0 , (68)
where α > 0, without loss of generality, and θ0 is constant (which can be arbitrary, thanks to
the shift symmetry). For purely time-dependent field profiles, the equations of motion are
d
dt
(
γ¯ ˙¯φ
)
= γ¯φ ˙¯θ2 + φ¯3
(
4 + λ− 2γ¯ − 2
γ¯
)
;
d
dt
(
γ¯φ¯2 ˙¯θ
)
= 0 , (69)
where the background relativistic factor is
γ¯ ≡ 1√
1− ˙¯φ2/φ¯4 − ˙¯θ2/φ¯2
. (70)
Substituting our ansatz (68), the equation of motion implies that γ¯ is constant and related to
λ by
γ¯(α) =
1√
1− 1/α2 = 1 +
λ
4
. (71)
The background φ¯ = −α/t is annihilated by the generators δD, δPi , δKi , and δJij , as well
as δC , but not by the 5 generators δP0 , δK0 , or δJ0i , which act as (41). The background θ¯ = θ0
is annihilated by all 15 conformal generators δPµ , δJµν , δD, δKµ , but not by the shift symmetry
δC , which acts as δC θ¯ = 1. The background solution φ¯ = −α/t, θ¯ = θ0 therefore spontaneously
breaks six of the 16 symmetries of the action. The 10 unbroken generators δPi , δJij , δD , δKi
generate a residual so(4, 1) algebra. The background (68) realizes pseudo-conformal symmetry
breaking (1), and also spontaneously breaks the shift symmetry θ → θ + c.
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5.2 Quadratic action for fluctuations
Consider now how the symmetries act on the fluctuations φ = φ¯+ϕ and θ = θ¯+ϑ. To leading
order in ϕ, the unbroken so(4, 1) subalgebra acts linearly on ϕ,
δPiϕ = −∂iϕ , δJijϕ =
(
xi∂j − xj∂i
)
ϕ ,
δDϕ = − (∆φ + xµ∂µ)ϕ , δKiϕ = −2xi (∆φ + xµ∂µ)ϕ+
(
x2 +
1
φ¯2
)
∂iϕ+ . . . , (72)
while the broken conformal generators act non-linearly on ϕ,
δP0ϕ =
φ¯
t
+ . . . , δJ0iϕ = xi
φ¯
t
+ . . . , δK0ϕ = −
(
x2 +
1
φ¯2
)
φ¯
t
+ . . . . (73)
The ellipses in these expressions indicate terms that serve to constrain contributions to the
action of higher than quadratic order, and hence can be ignored for the present purpose. To
leading order in ϕ, the unbroken so(4, 1) subalgebra acts linearly on ϑ,
δPiϑ = −∂iϑ , δJijϑ =
(
xi∂j − xj∂i
)
ϑ ,
δDϑ = − (∆θ + xµ∂µ)ϑ , δKiϑ = −2xi (∆θ + xµ∂µ)ϑ+
(
x2 +
1
φ¯2
)
∂iϑ+ . . . (74)
while the broken conformal generators also act linearly on ϑ,
δP0ϑ = −∂tϑ , δJ0iϑ = t∂iϑ− xi∂tϑ ,
δK0ϑ = −2t (∆θ + xµ∂µ)ϑ+
(
x2 +
1
φ¯2
)
∂tϑ+ . . . (75)
The shift symmetry acts on ϕ and ϑ as
δCϕ = 0 , δCϑ = 1 . (76)
Expanding the action (67) around the background φ¯ = α/(−t) and θ¯ = θ0 to quadratic
order in the perturbations ϕ and ϑ, we obtain
Squad =
1
2
γ¯3
∫
d4x
(
ϕ˙2 − 1
γ¯2
(∂iϕ)
2 +
6
t2
ϕ2
)
+
1
2
γ¯
∫
d4x φ¯2(t)
(
ϑ˙2 − 1
γ¯2
(∂iϑ)
2
)
. (77)
Both ϕ and ϑ propagate with identical, subluminal sound speed cs = γ¯
−1 < 1. Since these
fields have different weights, they do not mix at quadratic level, consistent with the general
discussion in Sec. 6. The ϕ part of the action is identical to (44), and hence leads to the same
power spectrum as in (47). To calculate the power spectrum for ϑ, we introduce as before the
sound horizon time y ≡ t/γ¯ and define the canonically normalized variable u ≡ φ¯ϑ:
Sϑ =
1
2
∫
dy d3x
(
(u′)2 − (∂iu)2 + 2
y2
u2
)
. (78)
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The equation of motion for the mode functions is given by
u′′k +
(
k2 − 2
y2
)
uk = 0 , (79)
whose solution with the standard adiabatic vacuum is uk =
e−iky√
2k
(
1− i
ky
)
. The power spec-
trum for the original variable is therefore scale invariant:
Pϑ(k) =
γ¯2 − 1
2
1
k3
. (80)
Note that the amplitudes of the fields ϑ and ϕ are related: they are both set by γ¯.
6 The General Quadratic Action
In this Section, we apply symmetry arguments to derive the most general 2-derivative quadratic
action for perturbations around the background (7), including multiple fields φI of arbitrary
conformal weights ∆I . The derivation closely parallels that presented in [58] (see Sec. 2 of
that paper) and reviewed in Sec. 2, with the key difference being that the speed of propagation
is now fixed to be subluminal, because the conformal symmetries of interest are of the DBI
type, with special conformal transformations including terms of all orders in ϕI = φI − φ¯I .
We will see that the resulting action is fixed by the symmetries up to a few constants. The
action will linearly realize the unbroken symmetries, and non-linearly realize the broken ones.
For the purpose of deriving the quadratic action, the main differences between the DBI
conformal symmetries — e.g., (72)−(75) — and the ordinary ones — e.g., (9) — amount to
additional 1/φ¯2 ∼ t2 contributions to the δKµ transformations. Inspired by the transformation
rules (72)−(75) that arise in the geometric construction, we assume the unbroken symmetries
act on the fluctuations linearly as
δPiϕI = −∂iϕI , δJijϕI = (xi∂j − xj∂i)ϕI ,
δDϕI = − (∆I + xµ∂µ)ϕI , δKiϕI = −2xi (∆I + xµ∂µ)ϕI +
(
xµxµ + A
2t2
)
∂iϕI + . . . (81)
where the constant A is a model-dependent function of the αI ’s of the background solution.
If ∆I 6= 0 (and αI 6= 0), then the 5 broken generators act non-linearly on the perturbations,
δP0ϕI = −
∆IαI
(−t)∆I+1 + . . . δJ0iϕI = −xi
∆IαI
(−t)∆I+1 + . . .
δK0ϕI =
(
xµxµ + A
2t2
) ∆IαI
(−t)∆I+1 + . . . (82)
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whereas they act linearly if ∆I = 0 (or αI = 0):
δP0ϕI = −∂tϕI , δJ0iϕI = − (t∂i + xi∂t)ϕI ,
δK0ϕI = 2t (∆I + x
µ∂µ)ϕI +
(
xµxµ + A
2t2
)
∂tϕI + . . . (83)
As before, the ellipses indicate terms which do not constrain the quadratic action.
The most general quadratic, two-derivative action for the ϕI which is invariant under
spatial translations and spatial rotations is
S =
1
2
∫
d4x
(
M IJ1 (t)ϕ˙Iϕ˙J −M IJ2 (t)∂iϕI∂iϕJ −M IJ3 (t)ϕIϕJ
)
, (84)
where M IJI , I = 1, 2, 3 are symmetric matrices with arbitrary time dependence. Imposing
invariance under dilatations yields the conditions
M˙ IJ1,2 =
2(∆I − 1)
t
M IJ1,2 , M˙
IJ
3 =
2(∆I − 2)
t
M IJ3 . (85)
Since the matrices are symmetric, it follows that 0 = M˙ IJI − M˙JII = 2(∆I −∆J)M IJI /t, hence
(∆I −∆J)M IJI = 0 . (86)
When ∆I = ∆J , the matrix elements M
IJ
I are unconstrained, but M
IJ
I = 0 when ∆I 6= ∆J .
Thus fields of different conformal weights do not mix at quadratic order in the action. The
matrices M IJI can therefore be assumed to be block diagonal, with a separate block for each
conformal weight. Within each block, (85) implies the time dependence
M IJ1,2(t) = m
IJ
1,2 · (−t)2(∆I−1) , M IJ3 (t) = mIJ3 · (−t)2(∆I−2) , (87)
where the mIJI ’s are constant matrices. Moreover, by redefining the fields, each block of the
kinetic matrix can be diagonalized: mIJ1 → δIJ . Within a block of given conformal weight ∆,
the action can therefore be written as
S∆ ∼ 1
2
∫
d4x (−t)2(∆−1)
(
ϕ˙Iϕ˙
I −mIJ2 ∂iϕI∂iϕJ −
mIJ3
t2
ϕIϕJ
)
. (88)
Varying this action with respect to the δKi transformation yields
δKiS∆ ∼
∫
d4x (−t)2∆−1
(
δIJ
γ¯2
−mIJ2
)
ϕ˙I∂jϕJ , (89)
where
γ¯ ≡ 1√
1− A2 . (90)
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For this variation to vanish for arbitrary field configurations, the gradient matrix mIJ2 must
be proportional to the unit matrix: mIJ2 = γ¯
−2δIJ . The most general action (with a given
block of weight ∆) consistent with the linearly realized symmetries is therefore
S∆ ∼ 1
2
∫
d4x (−t)2(∆−1)
(
ϕ˙Iϕ˙
I − 1
γ¯2
∂iϕI∂iϕ
I − m
IJ
3
t2
ϕIϕJ
)
. (91)
The result is similar to the action (10) for the ordinary case, except for the sound speed:
at high energy where the mass term can be neglected, perturbations ϕI propagate with sound
speed
c2s =
1
γ¯2
. (92)
To avoid gradient instabilities, this sound speed should be real, which requires A2 < 1, in
which case cs is also subluminal. (It is exactly luminal in the case A = 0.)
If ∆ = 0 or αI = 0, then (91) is as far as we can go. Indeed, since the remaining δP0 , δJ0i
and δK0 act linearly on perturbations of this type — see (83) — the variation of (91) can cancel
against the (non-linear) variation of cubic terms in the action involving one field with ∆ 6= 0
and αI 6= 0 (at least one such field must exist to achieve our symmetry breaking pattern).
Thus the remaining symmetries impose no further constraints on the quadratic action alone.
If ∆ 6= 0 and the αI are not all 0, then the remaining δP0 , δJ0i and δK0 act non-linearly
— see (82) — and therefore constrain the quadratic action. Invariance under δP0 implies that
the mass matrix within each ∆ 6= 0 conformal block obeys the eigenvalue equation:
mIJ3 αJ = (∆ + 1)(∆− 4)αI (∆ 6= 0) , (93)
where the αI ’s are the coefficients of the background solution (7). This is identical to (11).
The remaining non-linearly realized symmetries δK0 and δJ0i provide no further constraints.
As a check, we can show that our results are consistent with the quadratic action for
the AdS5 × S1 brane embedding of Sec. 5.2, consisting of a single field ϕ with α 6= 0 and
∆ = 1 together with a shift-symmetric ∆ = 0 field ϑ. For the ∆ = 1 field, the eigenvalue
condition (93) reduces to m3 = −6, and thus (91) becomes
Sϕ ∼
∫
d4x
(
ϕ˙2 − 1
γ¯2
(∂iϕ)
2 +
6
t2
ϕ2
)
. (94)
For the ∆ = 0 field, the assumption of shift symmetry sets m3 = 0, and (91) in this case
becomes
Sϑ ∼
∫
d4x t−2
(
ϑ˙2 − 1
γ¯2
(∂iϑ)
2
)
. (95)
These are consistent with (77).
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7 Coupling to Gravity
We conclude our analysis with a brief discussion of the cosmology that results from the DBI
scalar field theories described above. Irrespective of the details of the theory, it turns out
that the cosmological evolution is completely determined by a single coefficient multiplying
the pressure.
As in [58, 59, 67], we assume that the conformal field theory couples minimally to Einstein
gravity, thus mildly breaking conformal invariance at order 1/MPl. Since the background is
time-dependent, so are the corresponding energy density and pressure: ρCFT = ρCFT(t) and
PCFT = PCFT(t). On the one hand, dilatation invariance implies that both quantities scale
as 1/t4. On the other hand, energy conservation implies ρCFT = constant to zeroth order in
1/MPl. It follows that
ρCFT = 0 , PCFT =
β
t4
. (96)
To solve for the resulting cosmological evolution, we must work at next order in 1/MPl.
Specifically, we can integrate the acceleration equation H˙ = −(ρCFT + PCFT)/2M2Pl to obtain
the Hubble parameter:
H(t) ' β
6t3M2Pl
. (97)
As advocated, the cosmological background is fixed in terms of a single parameter β. In
particular, recalling that t < 0, the universe is either slowly contracting for β > 0, as in the
quartic case of [58] or slowly expanding for β < 0, as in Galilean Genesis [67].
As an example, let us compute the pressure for the pure DBI theory. This can be done by
covariantizing the DBI action (34), varying it with respect to the metric, and — to this order
in 1/MPl — setting the metric to ηµν . It is easily checked that the energy density vanishes
once (53) is imposed, as it should. Meanwhile, the pressure is
PDBI =
γ¯3
γ¯2 − 1 ·
1
t4
> 0 , (98)
where γ¯ = 1 + λ/4, from which we can read off β. The pressure is positive and causes the
universe to slowly contract. In the “non-relativistic” limit, γ¯ ' 1, this reduces to PDBI ' 2/λt4,
which matches the quartic result of [58].
For the DBI Galilean Genesis case, with general action given by (48), the answer for the
pressure depends on the choice of covariantization for S3, i.e. whether or not one includes
suitable non-minimal couplings for the scalar [102]. The brane construction gives a particular
prescription for the covariantization [89]. We leave a detailed discussion of the DBI Genesis
scenario, including higher-order galileon terms S4 and S5, to future work [100].
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8 Conclusions
In this paper we have generalized the pseudo-conformal framework to the DBI non-linear
realization of the conformal algebra. As in the original framework, the action for perturbations
is fixed, up to a few parameters, by the symmetry breaking pattern. An important difference
with the original framework is a universal and strictly subluminal speed of propagation for
perturbations.
The pure DBI version of the scenario, discussed in Sec. 3, is a “relativistic” extension of
the quartic model of Rubakov [61]. The upshot is a geometric interpretation of the scenario
in terms of a brane moving in an AdS5 bulk space-time. The weight-0 fields required to
generate scale invariant perturbations also have a natural geometric origin as isometries along
additional extra dimensions, the simplest example of which is the AdS5×S1 geometry studied
in Sec. 5. This opens the door to the search for UV completions of the scenario through explicit
realizations in string theory compactifications, analogous to brane inflation constructions.
From a phenomenological perspective, it would be interesting to generalize the coset derivation
of the effective action to the DBI non-linear realization, as well as to derive the associated
Ward identities [103].
We also derived a DBI version of the Galilean Genesis scenario by including the cubic
DBI conformal galileon term. As in the original Genesis scenario, stability around the 1/t
solution requires that the theory be unstable around a trivial background, like in the ghost
condensate [104]. In the DBI version, this corresponds to the requirement that the brane have
negative tension. The upshot of the DBI realization is a subluminal sound speed for pertur-
bations, which therefore offers a cure for the superluminality issues of the original Genesis
scenario. In forthcoming work [100], we will study the most general version of DBI Galilean
Genesis, including all 5 DBI conformal galileon terms. Once again this should lead to stable,
Null-Energy violating 1/t solutions, with strictly subluminal propagation, but it will be in-
teresting to see if these theories can at the same time be stable around trivial backgrounds,
corresponding to positive-tension branes.
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A Relation Between Parameterizations of the Algebra
Throughout the text, we have focused on starting with the nonlinear parameterization of
the conformal algebra where the field in the unbroken phase transforms nonlinearly under
conformal transformations
δDp˜i = −1− xν∂ν p˜i , δKµ p˜i = −2xµ +
(
e−2p˜i + x2
)
∂µp˜i − 2xµxν∂ν p˜i . (99)
The Lagrangians invariant under these symmetries which have second order equations are the
conformal DBI galileon terms [87, 89]
L1 = e4p˜i ;
L2 = e4p˜i
√
1 + e−2p˜i(∂p˜i)2 ; (100)
L3 = − γ2∂µp˜i∂µ∂ν p˜i∂ν p˜i + e−2p˜ip˜i + e4p˜i(γ2 − 5) ,
...
where γ−1 ≡ √1 + e−2p˜i(∂p˜i)2, and where we have made a field redefinition ep˜i = φ with
respect to the rest of the text. Here we comment on the relation between this situation and
that considered in [67], where the field in the unbroken phase, pi, also transforms non-linearly
under SCTs and dilations
δDpi = −1− xµ∂µpi , δKµpi = −2xµ − (2xµxν∂ν − x2∂µ)pi . (101)
Here the first few Lagrangians invariant under these symmetries and possessing second order
equations are the conformal galileon terms
L1 = e4pi ;
L2 = − 1
2
e2pi(∂pi)2 ; (102)
L3 = 2pi(∂pi)2 + (∂pi)4 ,
...
Although the symmetry algebras and breaking patterns are the same in both theories — they
both non-linearly realize conformal symmetry and linearly realize Poincare´ symmetry — the
theories appear to be physically inequivalent in that perturbations around the 1/t solution
in the conformal galileon theory propagate exactly luminally, while perturbations around the
1/t solution propagate at less than the speed of light.
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This is slightly disconcerting because both of these theories may be constructed as the
theory of the Goldstone of spontaneously broken conformal symmetry via the well known
coset construction [105–107]. The uniqueness of the coset construction has been established
for internal symmetries, but we know of no such proof for the case when space-time symmetries
are broken. There are two possibilities: either there is a field redefinition transforming one
theory into the other which preserves the background profile, or the coset construction does
not guarantee a unique low-energy Lagrangian in the space-time symmetry case.
In [108], an explicit map was constructed between the two realizations using coset con-
struction machinery. This map preserves the 1/t backgrounds, so it should be the equivalence
we are asking for. However, it is inherently non-local, since under the field redefinition the co-
ordinates on one side get mixed with fields on the other side.6 This may also be seen through
the fact that operators on one side get mapped to an infinite series of operators on the other
side.
Even if these theories are equivalent by themselves, they will surely be different once we
couple to matter and gravity, due to the fact that the field redefinition that relates them mixes
fields and coordinates. Even if we minimally couple the conformal DBI theory to gravity, after
mapping to the conformal galileon theory, there will be non-minimal couplings. Therefore, it
is worthwhile to study the theory in these variables, even if without gravity it turns out that
the theory is actually equivalent to the theory of the conformal galileons.
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